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Entanglement entropy, black holes and
holography

(hep-th/0510021)

with Stephen D. H. Hsu



Why to study the black hole entropy?

aspect gives insights into
BH statistical mechanics quantum gravity
Hawking radiation unitarity

Candidates for the origin of the BH entropy:

model-dependent: model-independent:

superstring theory topology of instantons

M-theory bifurcating Killing horizons

loop quantum gravity | statistical entropy of a thermal gas
entaglement




Black holes

Bekenstein and Hawking:

m mass: M ~R
m temperature: 7' ~ R~!

m entropy: Spy~R>2~A

Usually entropy is extensive: S ~ V.

Why are black holes so different? ....................... A mystery.



A mystery with a radical consequence

— BH

C
m matter in a region B is almost ready to collapse to a BH
m add a thin shell C
m B+ C collapses to a BH
m entropy does not decrease: Sy + Sc < Sppy ~ A
nS>0 = S;<A
m N ~ e < et microscopic degrees of freedom
m usually A ~eV

Does gravity reduce dimensionality from d tod —1?  AdS/CFT



't Hooft’s argument for holography

How many QFT states in a region of size R and energy E?

the most probable state: gas at some temperature 7'
energy: E ~R3T*
entropy: Sy, ~ R T?

no gravitational collapse: £ S R
temperature: 7 < R™1/2

entropy: Sy, SR3/? ~ A3/

a single black hole (S, ~ A) is the limit
degrees of freedom: dim# = 4 < e/

Radical proposal: to describe physics in V it is enough to have one
degree of freedom (one bit of information) per Planck area of J V.



Entanglement entropy

pure oag
A
PA = WppPas PB = rapPas
SA = —trApAlnpA SB = —tI'BIOBll'lIOB
SA:SB

(not immediately obvious, but can be proved)



Maximally entangled state

Erroneous argument :

Sa = Sg, so entropy depends only on common AB boundary,
yielding § = f(Area)~ Area.

Counterexample:
raaid with > A, =1 gives A, = A", maxS=ln AN~V



Collapse and the entanglement entropy

An
N &
C/‘/l'rla‘x n —
N n
m begin with states of maximal
entropy and impose m maximize the entropy subject
no-gravitational-collapse to the collapse condition
condition m the more energetic state, the
m equal probabilities for lower its probability
1 < Nipax L A states m S SA

m S~ AN



Maximizing the entropy

m maximize: S=—> A,In4,
m constraints: 3, A, =land > A€, =
m use the method of Lagrange multipliers:
— _Zn /ln ln/ln + a(Zn /171 = 1) - /B(Zn /1,,6,1 _A)
m maximization gives A, = Z~le=F<
extremal system is thermal
[ is determined by the average total energy condition (E) = R
m to evaluate partition function Z(8) = Zn e~Ben,
take continuous limit Z(8) = [ de v(e)e=F
and use the saddle point method: InZ(3) =~ Inv(e,) — e,
the saddle point: € = ¢,(83), a solution of 4 In v(e)/de = ﬁ
m find: max S = Inv(e)|.—4
use 't Hooft’s result ¢ = ER ~ S:hﬁ ~ Y43
to get max S ~ A3/*
m in d spacetime dimensions: max § & A¢-1/4



Holography interpretations

Old:

States with (H) 2 R simply do not exist in the Hilbert space.

New:

The gravitational collapse condition on ¢ 55 places an upper bound
on the entanglement entropy that can be realized from a region B
without forming a black hole larger than B itself.

Highly energetic states remain in the theory, but cannot be used to
increase the entropy beyond the area of B in Planck units.

Entropy bounds reflect the limitations that gravity imposes on the
construction of pure states or density matrices, but do not require a
truncation of the Hilbert space itself.



